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Abstract 

We study existence and various behaviors of topological multi- 
vortices solutions of the relativistic self-dual Maxwell-Chern-Simons- 
Higgs system. We first prove existence of general topological solutions 
by applying variational methods to the newly discovered minimizing 
functional. Then, by an iteration method we prove existence of topo- 
logical solutions satisfying some extra conditions, which we call admis- 
sible solutions. We establish asymptotic exponential decay estimates 
for these topological solutions. We also investigate the limiting behav- 
iors of the admissible solutions as parameters in our system goes to 
some limits. For the Abelian Higgs limit we obtain strong convergence 
result, while for the Chern-Simons limit we only obtained that our ad- 
missible solutions are weakly approximating one of the Chern-Simons 
solutions. 
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Introduction 



Since the pioneering works by Ginzburg and Landau on the super- 
conductivity there are many studies on the Abelian Higgs system [|lC|], 
[|l^](and references therein). In particular in [1C] Jaffe and Taubes 
established the unique existence of general finite energy multi- vortices 
solutions for the Bogomol'nyi equations. (See also Jl^] for more con- 
structive existence proof together with explicit numerical solutions.) 
More recently, motivated largely by the physics of high tempera- 
ture superconductivity the self-dual Chern-Simons system(hereafter 
Chern-Simons system) was modeled in [|| and 0.(See for a gen- 
eral survey.) The general existence theorem of topological solutions 
for the corresponding Bogomol'nyi equations was established in [11 1 
by a variational method, and in Q by an iteration argument. For 
the nontopological boundary condition we have only general existence 
result for the radial solutions for vortices in a single point ||. 
We recall that in the Lagrangian of the Chern-Simons system there is 
no Maxwell term appearing in the Abelian Higgs system, while the for- 
mer includes the Chern-Simons term which is not present in the later. 
Naive inclusion of both of the two terms in the Lagrangian makes 
the system non self-dual(i.e. there is no Bogomol'nyi type equations 
for the nontrivial global minimizer of the energy functional.) In J5|, 
however, a self-dual system including both of the Maxwell and the 
Chern-Simons terms, so called (relativistic) self-dual Maxwell- Chern- 
Simons-Higgs system was successfully modeled using the N = 2 super- 
symmetry argument Q, ||]. It was found that we need extra neutral 
scalar field to make the system self-dual. 

In this paper we first prove general existence theorem for topological 
multi-vortex solutions of the corresponding Bogomol'nyi equations of 
this system by a variational method. Then, using an iteration ar- 
gument we constructively prove existence of a class of solutions en- 
joying some extra conditions. We call topological solutions satisfying 
these extra conditions the admissible topological solutions. We prove 
asymptotic exponential decay estimates for the various terms in our 
Lagrangian for the general topological solutions. One of the most in- 
teresting facts for the admissible topological solutions is that these 
solutions are really "interpolated" between the Abelian Higgs solu- 
tion and the Chern-Simons solutions in the the following sense: for 
fixed electric charge, when the Chern-Simons coupling constant goes 
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to zero, our solution converges to the solution of the Abelian Higgs 
system. The convergence in this case is very strong. On the other 
hand, when both the Chern-Simons coupling constant and the elec- 
tric charge goes to infinity with some constraints between the two 
constants, we proved that our solution is "weakly approximately" sat- 
isfying the Bogomol'nyi equations for Chern-Simons system. In the 
existence proof for the admissible topological solutions, although we 
used iteration method in R 2 directly, we could start iteration in a 
bounded domain with suitable boundary condition to obtain a solu- 
tion in that domain, and then enlarge this domain to the whole of R 2 
as is done in and [jl2| in a much simpler case than ours. In this 
way it would be possible to obtain an explicit numerical solution. 
The organization of this paper is following. 

In the section 1 we introduce the action functional for the self-dual 
Maxwell-Chern-Simons-Higgs system, and deduce a system of second 
order elliptic partial differential equations which is a reduced version 
of the Bogomol'nyi system. In the section 2 by a variational method 
we prove a general existence of topological solutions. Then, we intro- 
duce the notion of admissible topological solution. In the section 3, 4 
and 5 we prove existence of admissible topological solutions by an iter- 
ation method. In the section 5, in particular, we establish exponential 
decay estimates for our solutions. In the section 6 we prove strong con- 
vergence of the admissible topological solutions to the Abelian Higgs 
solution. The last section considers the Chern-Simons limit, and we 
prove that admissible topological solutions are weakly consistent to 
the Chern-Simons equation in this limit. 

(After finishing this work, we found that there was a study on the non 
relativistic version of our model by Spruck-Yang in /Qj.) 

1 Preliminaries 

The Lagrangian density for the (relativistic) self-dual Maxwell-Chern- 
Simons-Higgs system in (2 + 1)-D Lagrangian density modeled by C. 
Lee et a/|| is 




C 



+ \d,Nd»N - q^M 2 ~ +kN- q) 2 
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where (ft is a complex scalar field, N is a real scalar field, A = (Aq, A±, A2) 
is a vector field, = d^A u - d v A^, = — iqA^, fj, = 0, 1,2, 
^° = Mi ®3 = d§~' = 1> 2> <? > is the charge of electron, and k > 
is a coupling constant for Chern-Simons term. The action functional 
for this system is given by 



A 



Cdx. 



R j 



(2) 



The static energy functional for the above system is 



£ 



R 2 



\Dn 



1 



1 



+ \D j cf>\' + -Ff + -Ft 2 + -(d j N) 



+q 2 N 2 \(ft\ 2 + \(q\(ft\ 2 + KN-q) 2 } 



dx. 



with the Gauss law constraint 



(-A + 2q 2 \<f ) \ 2 )Ao = -KF, 



12- 



(3) 



(4) 



This is the Euler-Lagrange equation with variation of the action taken 
with respect to Aq. Integrating by parts, using (|j), we obtain from 
the energy functional 

£ = J^i [ \(D 1 ±iD 2 )(ft\ 2 + \D (ftTiq(ftN\ 2 + ^(F 1 o±d J N) 2 

+l\F 12 ± (q\(ft\ 2 + kN - q)\ 2 } dx ± q f F l2 dx. (5) 
2 J Jr 2 

This implies the lower bound for the energy 



£ > 



F\ 2 dx 



which is saturated by the solutions of the equations(the Bogomol'nyi 
equations) for (cf), A, N) 



a = tn 

{Dx ± %D 2 )(f> = 
F 12 ± (q\(ft\ 2 + kN 
AA = ±(«g(l - |< 



)=0 

+ K 2 A )+2q 2 \(ft\ 2 A c 



(6) 
(7) 
(8) 
(9) 
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where the upper(lower) sign corresponds to positive(negative) values 
of J R2 Fi2dx, and @ follows from the Gauss law combined with @. 
If ((f), A, N) is a solution that makes E finite, then either 

^0 and N = -A -> -, 

K 

or 

|0| 2 -> 1 and iV = -> 

as |x| — ► oo. The former is called non-topological, and the latter is 
called topological. In this paper we are considering only topological 
boundary condition. We set 

m 
3=1 

where z = (x,y) is the canonical coordinates in R 2 , and each Zj = 
(xj,yj) is a zero of <j) with winding number rij, which corresponds to 
the multiplicity of the j—th vortex. After similar reduction procedure 
similar to fli~0|| , we obtain the equations(we have chosen the upper 
sign.) 

m 

An = 2q 2 (e u - 1) - 2qnA + 4vr ]T Uj 5(z - Zj ) (10) 

3=1 

AA = K q(l - e u ) + (k 2 + 2q 2 e u )A (11) 
with the boundary condition (|l4|). We define 

and we set u = v + / to remove the singular inhomogeneous term in 
©. Then (|fij) and ([□]) become 



Av = 2q 2 (e v+f - 1) - 2g K A + g, (12) 
AA = Kq(l-e v+f ) + (K 2 + 2q 2 e v+f )A (13) 

with the boundary condition 

lim v = 0, lim A = 0, (14) 

|*|— >oo z|^oo 

where 

g = y ^1 
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2 Existence of a Variational Solution 



Solving (12) for Aq, and substituting this into fll3|), we obtain 

A 2 v - {k 2 +4q 2 e v+f )Av + 4q 4 e v+f (e v+f -1) 

= 2q 2 \V{v + f)\ 2 e v+f -4q 2 ge v+f + Ag-K 2 g (15) 

If we formally set k = in this equation, then we have 

A{Av-2q 2 (e v+f - 1) -g) =0 

which, if we ask v G H 2 (R 2 ), recovers the Abelian Higgs system stud- 
ied in jHJ. On the other hand, if we take the limit n, q — > oo with 
q 2 1 'k = I fixed number, then after formally dropping the lower order 
terms in o(q) and o(k), we obtain 

Av = 4l 2 e v+f {e v+f - 1) + g. 

This is the equation corresponding to the pure Chern-Simons system 
studied in ||, 0, etc. 

Later in this paper we provide rigorous justifications for these two 
limiting behaviors of the solutions. By a direct calculation we find that 
the equation (|l^) is a variational equation of the following functional. 

Hv) = J\^\Av\ 2 -(Ag-K 2 g)v + 2q\e v +f-l) 2 



+ ln 2 \Vv\ 2 + 2q 2 e v+f \V(v + f)\ 



2 



dx (16) 



The above functional is well-defined in H 2 (R 2 ) since e^|V/| 2 G L X (R 2 ). 
We now prove existence of solution of (|l5|) in H 2 (R 2 ). Further reg- 
ularity then v G H 2 (R?) follows from the standard regularity results 
for the nonhomogeneous biharmonic equations. 



Theorem 1 The functional (\lq ) is coercive, and weakly lower semi- 
continuous in H 2 (R 2 ), and thus there is a global minimizer of the 
functional in H 2 (R 2 ). 

Proof: If a sequence {vk} converges to v weakly in H 2 (R?), Vk — > v 
strongly in L°°\b r ) and in H^{B R ) for any ball B R = B(0,R) C R 2 
by Rellich's compactness theorem. Thus we observe that to prove the 
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lower semi-continuity of the functional (jig), it is sufficient to prove 
the lower semi-continuity of J R2 e v+ *\V(v + f)\ 2 dx. We have 

liminf / e Vk+f \V(v k + f)\ 2 dx > liminf/ e Vk+f \ V{v k + f)\ 2 dx 

k^oo Jn2 k^oo Jb r 

= f e v+f \V(v + f)\ 2 dx. 
Jb r 

Letting R — > oo, we obtain the desired weak lower semi-continuity. 
On the other hand, we note that the coercivity of T in H 2 (R 2 ), is a 
simple corollary of the inequality: 

IMl| 2(R2) < C(l + \\Av\\ 2 L2{R2) + \\e v +f - 1||| 2(R2) ), (17) 
since we have 

/C 
(Ag - K 2 g)vdx\ <— + £\\ v \\i?(K?) 

for any e > 0, and by the Calderon-Zygmund inequality we have 

II-D 2 HIl2(r2) < C||Au|| L 2 (R2) . 

For the proof of (17), we just recall the inequality (4.10) in [11], which 
immediately implies; 

IMI| 2(R2) < C(l + ||Vv||£ a(R2) + \\e v+ f - 1||1 2(R2) ). 

Now, for any 77 > we have 

J \Vv\ 2 dx = —J vAvdx < rj\\v\\ 2 L 2^2^ + C v \\Av\\ 2 L 2(^2y 

Taking g small enough, ([l?]) follows. This completes the proof of the 
theorem. 



Proposition 1 Let (v,Aq) be any topological solution of flT^-fll?^), 

and vl be the finite energy solution of the Abelian Higgs system. Then 
the following conditions are equivalent. 

(i) A < 

(a) v < -f 
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(Hi) A > %{e v+ f - 1) 
(iv) v < v q . 

Proof: 

(i)=^(ii), (i)=^(iv): We assume Aq < 0. Let v q be the solution of the 
Abelian Higgs system, i.e. v q satisfies 

Av q = 2q 2 {e vl+f -l)+g. (18) 

The existence and uniqueness of v q £ H 2 (R?) n C°°(R 2 ) satisfying 
v q < — / is well-known[10|. From ( |12| ) with Aq < we have 



Av > 2q 2 (e v+f -l)+g. 

Thus, 

A(v q a -v)< 2q 2 (e v " f - e v+f ) = 2q 2 e X+f {v q a - v) 

by the mean value theorem, where A is between v and v K,q . By the 
maximum principle we have 

v<v q < -f. 
(ii)=^(i): We assume v < -f. From flU) we have 

AA > (k 2 + 2q 2 e v+f )A. 
Thus (i) follows from the maximum principle. 

(i)=>(iii): We assume A < 0. Set G = %(1 - e v+f ). Then, we 
compute. 

AG = -?-\V(v + f)\ 2 e v+f -?-A(v + f)e v+f 

K K 

< -l e v+f[ 2 q 2 {e v+ f - 1) - 2q K A ] 

K 

= 2q 2 e v+f G + 2q 2 A 

Thus, we have 

A(G + A ) < (K 2 + 2q 2 e v+f )(G + A ) + 2q 2 A 
< (k 2 + 2q 2 e v+ f){G + A Q ). 

Since G — > as \z\ — » oo, we have G + A > by the maximum 
principle. 
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(iv)=^(ii): This is obvious, and included in the above proof. 
(iii)=^(i): Assuming (iii), we have from ( |i~3| ) 

AA > 2q 2 e v+f A . 

Thus, (i) follows again by the maximum principle. This completes the 
proof of the proposition. 



Definition 1 We call a topological solution (v, Aq) satisfying any one 
of the four conditions in Proposition 1 by an admissible topological 
solution. 



3 Iteration Scheme 

In this section we construct an approximate multi-vortices solution 
sequence of our Bogomol'nyi equations by an iteration scheme. Later 
this approximate solution sequence will be found to converge to an 
admissible topological solution. Our iteration scheme is similar to 
that of ||, but is substantially extended in form. 

Definition 2 We set v° = v\, Aq = 0, where v\ is the finite energy 
solution of the Abelian Higgs system. Define (v l ,A ) E H 2 (R?) n 
C°°(R 2 ), i > 1 iteratively as follows: 
First define v l from (v 1 " 1 , Aq~ 1 ) by solving: 

(A - dy = 2q 2 (e vl ~ 1+f - 1) - IqKA^ 1 +g- dv^ 1 , (19) 
and then define A from (V,^4q -1 ) by solving: 

(A — k 2 — 2q 2 e vl+f - d)A = K q(l - e^ +/ ) - dA Q ~ l . (20) 
Here, d > 2q 2 is a constant that will be fixed later. 

Lemma 1 The scheme fcH\)-ft2di) is well-defined, and the iteration 
sequence (v l ,A ) satisfies the monotonicity, i.e. 

v i < V 1 ' 1 <■■■ <v° <-f 
Ai < Afr 1 <■■■ <A° = 0. 
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Proof: We proceed by an induction. For i = 1 we have from ( |i~9| ) 

(A - d)v l = 2q 2 (e v ° +f - 1) + g - dv° 
On the other hand v satisfies 

Av° = 2q 2 (e v °^-l)+g. 

Thus we have 

(A-d)^ 1 -v°) = 0. 
From this we obtain v 1 = v° £ H 2 (R 2 ) n C°°(R 2 ), and obviously 

v 1 < v° < -f. 

:Cj) for i = 1 we have 

(A — K 2 — 2q 2 e vl+f - d)A\ = - e el+/ ). (21) 
Using the mean value theorem, we obtain 

/ (1 - e vl+f ) 2 dx < I (v 1 + f) 2 e x+f dx < I (v 1 + f) 2 dx < do, 
Jr 2 jr 2 jr 2 

where t> 1 < A < — /, and we used the fact / G L 2 (R 2 ). We also have 
< e v + f < 1. Thus, by the standard result of the linear elliptic 
theory the equation @ defines A\ G # 2 (R 2 ) n C°°(R 2 ). 
Furthermore, since nq(l — e v + f) > 0, by the maximum principle 
applied to (|2l]) we have 

Al<A° = 0. 

Thus Lemma 1 is true for i = 1. Suppose the lemma is true up to i — 1. 
Clearly (0)-© define G # 2 nC°°(R 2 ) from (v*" 1 ,^ -1 ). We 

only need to observe that 

/ (e vl+f -l) 2 dx= [ (j + f) 2 e x+f dx < oo 

and 

< e^ +/ < 1 



Now from ( 
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if v 1 ' 1 £ L 2 (R 2 ) and v l ~ x < -f. We also have 

(A-dXv'-w*- 1 ) = 2q 2 {e vl ' 1+f -e v ^ 2+f ) - 2q K {A i ~ 1 - A 1 ' 2 ) 

-d{v l ~ l - v^ 2 ) 

> d(e ^- 1 +/_ e ^- 2 +/_(^-i_^-2 )) 

= d(e /+A - l)^- 1 -t/" 2 ), 

where + / < A < t>*~ 2 + /, and we used the mean value theorem. 
Since 

e wl < 1 and v 1 ' 1 - v l ~ 2 < 
by induction hypothesis, we obtain 

(A -<*)(«* > 0. 

Applying maximum principle again, we have v i < v 1 " 1 . On the other 
hand, 

(A - d)(Ai - Ai' 1 ) = - K q(e vi+f -e vi ~ 1+f ) 

+2q 2 (e vi+f - e v ^ 1+f )A^ 1 - d{A^ 1 - A^ 2 ) 

> (K 2 + 2q 2 e" i +f)(Ai-Ai- 1 ), 

where we used the assumption that our lemma holds up to i — 1, and 
v l < t/ -1 . Therefore, by the maximum principle, 

Ai < Ai-l 
^0 — ^0 

Lemma 1 is thus proved. [] 
Lemma 2 The iteration sequence (v l ,A l ) satisfies the inequality 

ai > - 1). 

K 

for each i = 0, 1, 2, ■ ■ ■ . 
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Proof: We use induction again. Lemma 2 is true for i = 1. We set 
G l = ^(1 — e v%+ f). Suppose Lemma 2 holds for i — 1, then 

AG* = -^■(V(t; ! + /)e , '' +/ ) 

= --|VK + /)| V' +/ - -A(^ + f)e vl+f 

K K 

< _i e ^+/(2g 2 ( e ^" 1 +/ - 1) - 2qnA i a l + - v 1 - 1 )) 

< 2q 2 e vl ~ 1+ fG i + " - ^de^Oo* - v^ 1 ) 

< 2q 2 e vl ~ 1+f G i - ^de^+fW - v*' 1 ) 

K 

by Ai < 0, i > 0. Therefore 

(A - d)(G i + Aq) < (k 2 + 2q 2 e vl+ f){Al + G i ) 

-dG { - dAtr 1 - ^-de^+Hv 1 - v 1 - 1 ) 

K 

< {k 2 + 2q 2 e vt+f )(A} ) + G l ) 

-d{A l Q l + G i + ^(e yi+i - e v " 1+f ), 

where we used the mean value theorem in the last step, and used the 
fact v % < v' L ~ l . Rewriting it, we have 

(A — k 2 — 2q 2 e° l+f - d)(G i + Ai) < -d{A^ 1 + G 1 ' 1 ) < 

by the induction hypothesis. By maximum principle we have 

Aq + G l > 0. This completes the proof of Lemma 2. [j 



4 Monotonicity of J-(v l ) 

In this section we will prove the following: 

Lemma 3 Let {v 1 } given as in Definition 2 and J-(v) is given in 
We have 

<^{v^ 1 ) < ■■■ <F{v°). (22) 
To prove this we firstly begin with: 
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Lemma 4 Let (v l ,A l ) be as in Definition 2, then 



l_ e ^+/ + ^| + 7 A K _^+i| 

R2 L' q 2q 

for all i > 0. 

From Lemma 1 and 2 we have 



2vr 



dx = — 22 n j 

i=i 



l-e vi+f + -AL >0. 



We only need to prove 



2g 2 7r 2 



Fix > 0. Integrating (|i~9|) over 1?r = {\z\ < R}, we obtain 



Br 



dx 



W Jb r 
By divergence theorem 



^ [ (g- A^ +1 ) ^ 

2<T Jb,, 



Av l = I ^da. 



Be 



We note that v i E id^R 2 ). Thus 



dB R 



di 



>dB R 

by Holder's inequality. Let 



Wider < 2ttR / WvTda 



[ |W| 2 da) 

JdB R J 



1/2 



then 



JETfr) 



IWI 2 dx 



dB r 



|W| 2 dtr, 



R2 



H{r)dr < +oo 



(23) 



(24) 



Therefore there exists an increasing sequence of radii, {r} t }^ =1 , such 
that 

lim r-fc = +oo,and H(r}-) < 



k— >oo 
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Otherwise, there exists e > and r > such that H(r) > - for r > r , 
but then J* R2 |Vi>*| 2 dx = oo. Thus (|24|) implies 

/ |W|da < {2nr k H{r k )) 1 / 2 < (2vr (r fc )) 1/2 . 



Therefore 



lim 

fc^OO jQB r 



\Vv l \da = 0. 



Choose R = r k , and let k — > oo in (E3), then we have 



lim / l- e ^+/+«4 + A( 
k^ooJ Brk [ q v 2q 2X 

This, together with 

/■ m /-oo 

Jb? h Jo (i 



v* -v i+1 : 



rdr 



+ r l 



dx = — -J / dx. 



4-7T V] Tlj 
3=1 



completes the proof of the lemma. 
As a corollary of Lemma 0, we can get the following uniform bound. 



Corollary 1 Let (v 1 ,Aq) be as in Definition 1, and define 



5 = sup(/ e" i+/ |VK + f)\ 2 dx 
i>\ \Jr 2 



(25) 



Then S < (47rE^=i"i) 5 . 

Proof: Multiplying (|l9| ) by e 1 '^^ and integrating by parts, we have 



3 Vl+f \V(v i + f)\ 2 dx 



R 2 



+2gV l+ /(l-e^ 1+ / + -A - 1 



< 



< 



R 2 



4tE 



n ; 
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by Lemma |j. 

We now prove our main lemma in this section. 



Proof of Lemma 3: From ( |l6|) we have 

1 

/R2 



\A(v l - v l ~ L )\ 2 - Av"A(v l - v 1 - 1 ) 



+{Ag - K 2 g)(v* - v'- 1 ) + —\V(v* - v^)\ 2 



k z V{v 1 - v 1 - 1 ) ■ W + 11 + III 



dx, 



where 

II 
III 



v^+f 



If 



y+/| V (^ + /)| 



2 _ t ,v i - 1 +f\X7(„i-l 



We also set 

/ = -At/A(t/ - v*- 1 ) + (Ag - K 2 g){v l - v 1 ' 1 ) - *s 2 V(« i - ■ W. 
Then 



IlA^-^p + ^-ivK-^- 1 )! 2 



R 2 

+I + II + III 



dx. 



(26) 



We firstly estimate I. From ( |l9|) we have 



4 i-1 



— ( 2q 2 (e vt 1+f - 1) + g - d^' 1 - v*) - Au*). 

OK, V / 



2qK 



Putting this into (|20| ) after substituting i with i — 1 in (20), we have 



AV - (d + k 2 + 2q 2 e vl ~ 1+f )Av l + (dn 2 + 2q 2 de vl ' 1+f )v l 
= (2q 2 e v ^ 1+f - d)Av 1 - 1 + 2q 2 \V{v 1 - 1 + /)| V'~ 1+/ 
-Aq 2 ge l ' l ' 1+ f + Ag - K 2 g + d( K 2 + 2q 2 e" l ~ l+ f)v 1 - 1 

„i-l^*, oV i-l + f ^ o // /1 i-2> 



-4oV +V 



l)-2g«d(A^ 1 -^). (27) 
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Multiplying (p7|) by v % — v l , integrating by parts, we have 



R-' 



Av l A(v l - v l ~ l ) + k 2 V(v 1 - v 1 - 1 ) ■ W - (Ag - K 2 g)(v l - v l ~ L ) 



dx 



d\V{v l - v l ~ l )\ 2 + (dK 2 + 2q 2 de vl ~ 1+S ){v l - v^ 2 



+2qKd(Ai ) - 1 - 4 _2 )K - -IV -V 



dx, 



where we set 

IV = -4q^~ 1+ f(e vl ~ 1+f 



l)(v l -v l - L ) 



V = 2q 2 



+f {v i -v i ~ 1 )A{v i +v i ~ l ) 



+|V(« t_1 + /)|V +J (v % -v , - L ) + 2ge v +J {v l -v l ~ L ) 

Recalling the definition of / and observing (tIq -1 — A 1 q~ 2 )(v % — v % ~ 1 ) > 0, 
we get 

I + IV + V > d\V{v i -v i - 1 )\ 2 + {dK 2 + 2q 2 de vl ' 1+f ){v l -v i ~ 1 ) 2 . (28) 
To calculate I + II + III, we observe 

y-i+f, >-!+/ 1 \ „a+// x+f 



4/„.i 1\ 



II -IV = 4q*{v l - v 



e" •<{e v ^-l)- e ^( e ^-l) 
4gV " - A)e r ' +/ (2e , ' +/ - 1), 



where we used mean value theorem repeatedly with v l < rj < A < v % . 
Thus 



II — IV > -4q\v* - v i ~ 1 ) 2 e v +f 



(29) 



Now we have 
III 



-2g 2 [(^ + '-e*- + 0|VK + /)f 



2 [(*>"*+/ - ^"^A 

+e^ 1 ^(|V(^ + /)| 2 -|V(^- 1 + /)| 2 )] 
= -2g 2 [e A+/ K-^" 1 )|VK + /)| 2 

+e^" 1+/ V(^ - v 1 - 1 ) • V(</ + t/" 1 + 2/)] 
= VI + VII, 
V = 2q 2 e vi ~ 1+ f(v i -v i - 1 )[A(v i + v i - 1 +2f) 

+|VK~ 1 + /)| 2 ] 
= VIII + IX, 
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where v l 1 > A > v % by mean value theorem. We now calculate 
III -V = (VII - VIII) - IX + VI. By integration by parts we 
obtain 



/ [VII- VIII }dx 
= 2Q 2 [ 



(v l - u'-^VCu' -1 + /) • + u 1 " 1 + 2/) 



R 2 



R 2 



X - /X = 2gV < 1+ V - ^ _1 )V(^ + /) • V^ 1 + /) 
= X/. 

Since VI < 0, we have 

VI + XI > -2q 2 (v l -v^ 1 ) e vi+f V{v i + f)-V{v i -v i - 1 ) 
+( e «'+/ - e rl ^)VK + /) • V^- 1 + /) 

wi+/ |V(« i + /)||V(« i -t; i - 1 )| 



> —2q \v — v 



+\e v+I -e v +I \\V(v t - L + f)\< 



> -2gV-^ _1 



+ | e ^+/ _ e" ^IIVCu* - «7*— x )||\7Cv*— 1 + /)| 

(e ^+/| V (^ + /)| 
+e wi " 1+ ^|V(v < - ^-^HV^- 1 + /)|) 

by the mean value theorem where we used the fact | e v% +f - e v% +/ 1 < 
e f l +/ i n the last step. We use Holder's inequality and interpolation 
inequality to obtain 

J^[VI + XI]dx > -2g 2 (||e^^V(^ + /)|| L2(R2) 

+ii e^+fv^-' + m^) 

Il°°(R2)I|V(w J - f i " 1 )||L2 (R2) 



R2 
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1 1 

L2(R2)||A(V J - V % )||2 2 ( R 2) 

i— li 



x||V(^-^)|| i2(R2) 
-2q 2 CS 2 \\v l -v^Wv^WAiv' -v 1 - 1 )]]^), 

where C is an absolute constant and we set 



S = supf / e t,!+/ |VK + /)| 2 dx N 

i>l \JR 2 y 

as in Corollary |]. Applying Young's inequality, we have 

J a [in-v]dx > -c g \s 2 + s 4 )^ - v'-Ym^) 

-Cq 2 S\\V(v* -v^W 2 ^ 



\\\^-v^)\\ 2 L2{n2) (.">()) 



Combining with <M), (M) and <M), <M) becomes 



+(d-c)||vK-t/- 1 )||| 2 



(R2)> 



where C is an absolute constant depending on q and Y^JLi n j- Taking 
d large enough, and using the C alder on- Zygmund inequality, we have 
finally 

which is a stronger form of (|22|) . This completes the proof of Lemma 
3. D 



Corollary 2 Let v be any admissible topological solution of fttfty-ftLDQ, 

and vl be the finite energy solution of the Abelian Higgs system. Then, 
we have 



Proof: Just substitute v % = v, v l 
and instead of Lemma 4 we use 



vl in the proof of Lemma 3, 



'R 2 



1 



+ -M 



dx 



1 



2q 2 7r2 q 



2vr^ 
9 = — 2^ n i' 



3=1 
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which follows immediately from integration of (12) and Proposition 1. 

D 



5 Existence of Admissible Solutions and 
Asymptotic Decay 

Based on the previous estimates for the iteration sequence {v 1 }, in 
this section, we prove the existence of admissible topological solutions 
of our Bogomol'nyi equations (|l~2|)-(|l~3|). We also establish asymptotic 
exponential decay estimates of these solutions as \z\ — > oo. As a 
corollary of these decay estimates we prove that the action (g) and, 
hence the energy functional (||) are finite. Firstly we prove 

Theorem 2 Given Zj 6 R 2 , rij G Z + with j = 1, • • • , m, there exists 
a smooth solution ((/>, A, N) to such that 4> = at each z = Zj 

with corresponding winding numbers rij, and satisfying 

< 1 - M 2 < -N = --A (31) 

for all q, K > 

Proof: By ( p2| ) the monotone decreasing sequence {?/} satisfies 

■T 7 ^) < F{v°) < oo V» = l,2,---. 
This implies by (|l7|) and (|l~6|) that 

FIIa^r*) < < CF(v°) V* = l,2,---. (32) 

Thus 

SUP |K||ff2( R 2) < OO. 

i>0 

On the other hand, from (|l~9| ) 

Ai = -L [2g 2 (e 1,l+/ - 1) + 5 + ci(t> m - u*) - At> m " 
2(/K L J 

which belongs to L 2 (R 2 ) uniformly by (|32[). 

Thus, supj> PoI|l2 (r2) < oo, and swp { > \\AA l \\ L 2 (K 2 } < oo by @. 
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Combining this with the C alder on- Zygmund inequality and the stan- 
dard interpolation inequality, we obtain 

su pPoIIh 2 (r 2 ) < 00 

Thus there exists v,Aq £ H 2 (R 2 ) and a subsequence (v 1 ,Aq) such 
that 

v l — > v and Aq — > ^0 

both weakly in i^ 2 (R 2 ) and strongly both in ff^ c (R 2 ) and in L^ C (R 2 ) 
by Rellich's compactness theorem. The limits v, Aq G -ff 2 (R 2 ) satisfies 
(12)-([H|) in the weak sense, and by repeatedly using the standard 
linear elliptic regularity result we have v, Aq S C°°(R 2 ). Moreover, by 
construction we have 

v<vl< ~f, (33) 



and by Proposition 1 



-(e v+f -1)<A <0. (34) 

K 



We define 

N = -A , <p = exp-(v + f + i0) 

where 9 = Y1T=1 ^rijarg{z — Zj). For for a = \{A\ — %A%) and d z = 
\{d\ — id 2 ) we also define 

a = id z ln<p. 

Explicit computation shows 

A x = \{d 2 v + d 2 b), (35) 



and 



where we set 



A 2 = l(-d lV -dib), (36) 



: - Zj\ 2 ) 



b = -J2 n j m (i + 

Converting our reduction procedure from (|i~2])-(|i~3|) to the Bogomol'nyi 
equations ©-(§), we we find that the fields ^4 M ,</>, iV (/x = 0,1,2) 
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satisfy the Bogomol'nyi equations (|6])-(||). In particular (32) follows 
immediately from (34) and (35). 



We now establish asymptotic exponential decay estimates for ad- 
missible topological solutions of our Bogomol'nyi equations. 

Theorem 3 Let (<P,Aq,N) be any admissible topological solution of 
the Bogomol'nyi equations ffi)-^)- Suppose e > is given, then there 
exists tq = ro(e) > and C = C e such that 

0< 1-M 2 , \N\, \F 12 \ < (7 ee -<7(i-7-^|*| (37) 
|ZV>|, \VA \ < C e e- q ^-^\ z \ (38) 



if \z\ > tq. Here we set 7 = p +p V p _t£ an d p = « 

Remark: We note that 7 was chosen(see the proof below) so that 
= 7, thus < 7 < 1. 

Proof of Theorem 3: From (|1C|) and (|TTD, 

Au 2 = 2\Vu\ 2 + 2uAu 

> Aq 2 (e u - l)u - 4qnA u, 
AAl = 2\VA \ 2 + 2A AA 

> 2{k 2 + 2q 2 e u )A\ + 2 K q(l - e u )A 

for \z\ > supj{\zj\}. Let E = u 2 + 2Aq, then we have 
/ p u — 1 \ 



AE > Aq z y——u z + 2e u A z Q j+AK Z A z Q + AKqA {l-e u -u) 
> 4q 2 £{u)E + Ak 2 Al - 8KqA u (39) 

where we used the inequality t < e* — 1, and set £(i) = min{e', ^-7-^}- 
Note that 



f (t) = e* if t < 

otherwise 
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Also, £ > and £(t) — > 1 as t — ► 0. The last term in ( p9| ) is estimated 
by 



4k 2 

< A{k 2 + 2 iq 2 )Al+ q 2 u 2 
= A(k 2 + 2 iq 2 )A 2 + qV = 4k 2 + 4 7 g 2 £, 



p 2 + 2 7 



,2 



since ^r^; = 7- Thus, ( p9| ) becomes 

AE > 4(f (u) - 7)^^ (40) 

Since u — > as |z| — > 00, given e > 0, we can choose vq so large that 
£(u) > 1 — e on |z| > r$. Thus, by comparing E with the function 

P(z) = C e e~ 2q ^' r ^ t ^ 2 ' in |z| > ro , using the maximum principle, 
we deduce 

\u\ 2 , \A Q \ 2 < Ce e- 2 ^-~<-^\ z \ 

on \z\ > ro, where C e was fixed to compare E with /3 on {\z\ = ro}. 
( |37| ) follows from the fact 

< 1 - \<p\ 2 = 1 -e u < \u\, N = -A , 

and 

\F 12 \ < q(l - \^\ 2 ) + k\N\, 

which follows from (||). Next, we estimate the asymptotic decay of 
\Di(fi\ 2 . We observe 

\D^4>\ 2 = \(8^-iqA^\ 2 

= ^e u \(8 fl (u + iq9)-iq(d^u + 8 fl 9)\ 2 

= \e u \d^u - iqd^u\ 2 , 

where we used the notation (8^) = (80,-82,81). Thus \D^(j)\ 2 < 
C\X7u\ 2 . Therefore it is sufficient to have decay estimate for |Vii| 2 . A 
direct calculation gives 

A|Vu| 2 = 2|V 2 u| 2 + 2Vu • VAu 



> 4g 2 Vu • V(e n - 1 - -A ) 

q 

= 4q 2 e u \Vu\ 2 - iqnVu ■ VA 
A|VA)| 2 = 2|V 2 A | 2 + 2VA • VAA Q 

> 2(k 2 + 2q 2 e u )\VA \ 2 - {2q K e u - Aq 2 e u A )VA ■ Vu 
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for \z\ > supA\zj\}. We set J = \Vu\ 2 + 2|Vj4o| 2 , then we have 



ju t , A..2l-n a 12 la..- , a _2 _ui /I I\lr7..lln /i , 

Ol 



A J > 4g 2 e u J + 4K 2 |V^ | 2 - (8/eg + Ve u |A |)|Vu||VA 



> 4g 2 e u (l - ^|A |)J + 4k 2 |V^o| 2 - 8^|Vn||VA |, (41) 

where we used |Vii||Vj4o| < 1/2 J in the second inequality. (|4l|) is the 
same form as (|39|), observing in case of ([Il|) we have 

e u (l - — ]^4 |) —> 1 as |z| -> oo. 

Given e > 0, we apply Young's inequality to the term |Vu||VAo| 
similarly to the previous case, and get 

AJ>4^ 2 (l- 7 -e)J 

when \z\ > vq for r$ large enough. The above equation is the same as 
(|0|). Thus J satisfies the estimate @. 

This completes the proof of Theorem 5. 
Now we complete proof of our existence theorem by proving that the 
solutions constructed in Theorem 2 make our action in (2) finite. This 
follows if we prove that any admissible topological solution makes the 
action finite. 

Corollary 3 Let (A,cp,N) be the solution of the Bogomol'nyi equa- 
tions ftfy- ^) constructed Theorem 2, then we have 

A = A(A,cj),N) < oo. 
Proof: Since N = -A G H l (R 2 ) and \<j>\ < 1, 

(duNfdx < oo, / N 2 \<P\ 2 dx < oo. 
r 2 Jn? 

From (4) and (10) we have F 12 = q\4>\ 2 - kN - q G L 2 (R 2 ). Clearly 
F 0i = -fyAo G L 2 (R 2 ), i = l,2. 

Therefore 

/ \Friv\ 2 dx < oo. 

JR2 
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We now consider the Chern-Simons term. Firstly we have 



R2 



\F 12 A \dx < 



R 2 



\F 12 rdx 



\An\ 2 dx) < 



R 2 



OO. 



Thus it suffices to prove 

F m A 2 = -d l A A 2 , F 02 Ai = a 2 A ^i G L\R 2 ). (42) 



Since A X ,A 2 G L P (R 2 ) for all p G (2,oo] from @- ©, and VA) G 
L 9 (R 2 ), for g G [l,oo] from (^), (^) follows immediately by the 
Holder inequality. Therefore we also have that 

e^F^Ax G L 1 (R 2 ). 



Finally from (38) we have 



\D„ 



G L 1 (R 2 ). 



This completes the proof of the corollary. 



6 Abelian Higgs Limit 

In this section we prove that, for q fixed, the sequence of admissible 
topological solutions, (v K,q , Aq' q ) converges to (v q , 0), as k goes to zero, 
where v q is the finite energy solution of the Abelian Higgs system. 
Firstly we establish: 

Lemma 5 Let (v K ' q ,AQ' q ) be any admissible topological solution of 



( li ) and fliqj. Then, for each fixed q G (0, oo), we have 



sup \\v K > q ||h2(r2) < oo, sup Po 11^2^2). < oo (43) 

0<K<1 0<K<1 

Thus, by the Sobolev embedding we have 

sup ||f K ' 9 ||z,°°(R2) < oo, sup Po ,,? ||l°°(r2) < oo (44) 

0<K<1 0<K<1 
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Proof: Let k S (0, 1). From Corollary 2 and ( |T?| ) we have 
\\v K ' q \\ H i(Ki) < (1 + K 2 )d + C 2 ^(^) 

< (i + K 2 )Ci + c 2 ^K)<c(i + ^ 2 ), 

where C\,Ci and C are constants independent of k. Thus the first 
inequality of (|43|) follows. Now, taking L 2 (R 2 ) inner product ([l~3| ) 
with Aq' q , we have after integration by part 

/ |V^'f + (k 2 + 2 q 2 e vR ' q+ f)\A^\ 2 dx = [ nq{l - e^ 9 +')K' 9 | dx 

JR. 2 JR 2 

< t/J^'^ + T I (l-e^ffdx 

2 Jr2 2 7r2 

< i-\ \A^\ 2 dx+ q ^[ \v^ + f\ 2 dx. 

2 JR2 U 2 JR2 

Thus, by Young's inequality and the first inequality in (|43|) we obtain 

/ \VA^ q \ 2 dx+ f (K 2 +Aq 2 e vK,q+f )\A^ q \ 2 dx<C, (45) 
jR 2 iR 2 

where C is independent of k. From (^) and ( f45| ) we have 
/ |AA^| 2 < 2«V / (1 - e ^ 9 +/) 2 dx + 2 / (k 2 + 2g 2 e^' 9+ /) 2 |^' ? | 2 

JR2 JR2 JR2 

< 2k 2 q 2 [ \v™ + f\ 2 e 2 ^ dx + 2(k 2 + 2q 2 ) ( (k 2 + Aq 2 e vK ' q+ f)\A^ q \ 2 dx 

JR 2 JR 2 

< 2q 2 [ \ v ^ + f\ 2 dx + 2(1 + q 2 ) [ (k 2 + 4q 2 e vK ' q+ f)\A*' q \ 2 dx < C 

JR 2 JR2 

for a constant C independent of n, where A G (v K ' q + f, 0), and we used 
the mean value theorem. Thus, by the Calderon-Zygmund inequality 

J 2 \D 2 A%' 9 \ 2 dx < C. (46) 

By Sobolev's embedding for a bounded domain, for any ball Br = 
{\z\ < R} C R 2 , we have. 

ll^o' 9 |l£°°(Bi{) - ^' 

where C is independent of k. We take R > maxi<j< m {|zj| + 1}. Then, 

/ \A^ q \ 2 dx= ( \A^ q \ 2 dx+ f \AZ' q \ 2 dx 
Jb? Jb r Jr2-b„ 
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< vR 2 \\Ar\\l~ { B R ) + \\e vK ' 9+f h~ ( W-B R ) 1 2 e^\A^\ 2 dx 

< Ci(i2) + C 2 ||e^|| LO c (R2 _ Bfl) / e vK ' q +f\A%' q \ 2 dx<C(R), (47) 



where C\{R),C2 and C(R) are independent of k. Combining (f45|)- 



(47), we obtain the second inequality in (03). This completes the 



proof of Lemma 5. 
Theorem 4 Lei v K ' q , Aq' q be the admissible topological solutions of 



(li) and j\Tjj), and v q a finite energy solution of the Abelian Higgs 



system. Let q be fixed. For all k 6 Z+ we have 

v K ' q ^v q , and A^ q ^0 in H k (K 2 ). 

as k — > 0. 

Proof: We have by mean value theorem 

A{v K ' q - v q ) = 2q 2 (e vK '" +f - e vl+f ) - 2nqA^ q 

= 2q 2 e X+f (v K ' q - v q ) - 2KqA K Q ' q (48) 

where A G (v K,q ,v q ). Multiplying (|48|) by v K ' q — v q , we have after 
integration by parts 

V(v K ' q -v q a )\ 2 + 2q 2 e X+f (v K ' q -v q ) 2 dx = 2nq f A^ q (v K ' q -v q ) dx 
R 2 J-R? 

< 2 K q\\AZ q \\ L2{R2) \\v K > q - v q \\ L 2 iR2) < kC 

where C is independent of k by Lemma ||. Since 

II A IIl°°(R 2 ) < II^^IIl^R 2 ) + ll u allL°°(R 2 ) < C 

independently of k < 1, we have from the above estimate 
|V(« K ' 9 ~ v q )\ 2 + e f \v K ' q - v q \ 2 dx^O 



/R 2 

as k — > 0. Let Vt$ = Uf =1 {\z - zj\ < 5}. Now, 



/ \v K > q - v q \ 2 dx < Trm6 2 \\v K ' q - v q \\ 2 Loo{R2) < C5 2 . 
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where C is independent of k by Lemma |5|. Thus, for any given e > 0, 
we can choose 5 independently of k so that 



\v K ' q -v q \ 2 dx < -. 
n s 2 



For such 5 we have 



/ \v^ q -v q \ 2 dx = [ \v K ' q -v q \ 2 dx + [ 
Jr. 2 J rtx Jt 



K ' q -v q \ 2 dx 



n 2 -n s 



a 



< -+sup{e l/l }/ e f \v K ' q -v q a \ 2 dx 
2 R 2 -n, ^R 2 



e e 
< - + - = e 
~ 2 2 

for sufficiently small k, i.e. 

/ l^' 9 -v q \ 2 dx -» 

as k — > 0. Combining the above results, we obtain 

v K ' q ^v q in F 1 (R 2 ) as k -> 0. 

Now we prove the convergence for Aq ,(1 . Multiplying (|i~3| ) by Aq ,<? and 
integrating, we estimate 

J \VA K > q \ 2 +(K 2 +2q 2 e v *' q+ f)\A K Q ' q \ 2 dx < Kq JjA-e^+^A^ dx 

< «gK' 9 || L2(R2) ||l - e^ 9+ ^|| i2(R2) < CkWv** + /|| L2(R2) < Ck. 

where we used Lemma |5| in the first and third step and use the fact 
1 — e t < t for t < in the second step. Using the fact \v K ' q \ < C 
uniformly in k < 1, we obtain from this 



/ \VA2' q \ 2 + ef\A* q \ 2 dx^O 
Jr 2 



as k — > 0. Since \AQ ,q \ < C uniformly in k < 1, by Lemma [5] we can 
deduce Aq' q — > in ff 1 (R 2 ) similarly to the case of v K,q . From these 
results together with uniform bounds ||v!q' 9 || < C, applying the 

standard elliptic regularity to fl48|) and (|l^) repeatedly, we obtain 

( v w, AZ q )^(v q , 0) in [F fe (R 2 )] 2 , VA;>1 
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7 Chern-Simons Limit 



In this section we study the behaviors of v K ' q , Aq' 9 as k, q — > oo with 
I = q 2 1 ' k kept fixed for the admissible topological solutions. Although 
we could not obtain the strong convergence to a solution of the Chern- 
Simons equation, instead, we will prove that the sequence {v K ' q } is 
"weakly approximating" the Chern-Simons equation: 

Av = 4l 2 e v+f (e v+f -l)+g. 

We denote I = q 2 / 'k the fixed number, and a K ' q = qA^ q throughout 
this section. 

Theorem 5 Let {(v K ' q , Aq' 11 )} be a sequence of admissible topological 
solutions of (|I|)-(jZ|). For any ip £ Co°(R 2 ) we have 



lim 



Av K ' q - Al 2 e v ^' q+f {e vK ' q+f - 1) - g] i()dx = 0. (49) 



For proof of this theorem we firstly establish the following lemma 
which is interesting in itself. 

Lemma 6 Let {(v K ' q , Aq' q )} be given as in Theorem 5. For any fixed 
p G [1, oo) we have 



lim \\a K > q - l(e vK ' q+f - 1) 

K,q— >oo 

Proof: Firstly we have from v K ' q + / < 



\LP(R 2 ) 



0. 



1||l°°(r 2 ) < i- 



Also, from > a K ' 9 > l(e vK ' q+ f - 1), 

\\ aK,q \\L°°(R 2 ) < l\\e v ' 9+f ~ !||l°°(r 2 ) < l - 
From © we have 



o 



K,q 



R2 



l)\dx 



= / 


a K > q - 


JR2 








= i/ 


gdx. 


9 JR 2 



l(e 



dx 



Thus 



lim \\a K ' q - lie 

K,q— >oo 



Il!(r 2 ) 



0. 
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By a standard interpolation inequality 
\\a^-l(e^ q+ f-l)\\ LP(R2) 

< \\ a *,<i _ i^ q +f _ l)||| 1(R2) ||a^ - l{e vR ' q+ f - 1) 



Il°°(r 2 ) 



< {2l) l -v\\a K > q -l{e vK * q+f - 1)|| £ 
as k, 5 — ► oo with g 2 /K = I fixed. 



Li(R 2 ) 







Proo/ of Theorem 5: From (13) added by (lA)xq/n we obtain 
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A(v K >« + -a K ' 9 ) = g + 4le vK '" +f a K ' q . 
Multiplying tp 6 Cq°(R 2 ), and integrating by parts, we obtain 



R 2 iR 2 



1) + g tpdx 



L 

+— f a K > q A4>dx + 4l [ e vK,9+f [a K ' q -l(e vK,9+f -l)Udx. 
q JR2 J r2 



2/ 

q 

Now we have 



lim 
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q Jr 2 
and by Lemma 6 



a^Atpdx 



2r f 

< lim — / \Aip\dx = 0. 

K,q-+oo q ,/ R 2 



lim / e w "'* +/ [a"'«-i(e w "'* +/ -l)]da; 
K,g^°°./R2 

< ||V||l~(r 2 ) |o** - l(e^ q+ f - l)\dx = 0. 

Thus, Theorem 5 follows. 
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Remark: If we could have uniform L X (R 2 ) estimate of Vv K ' q , then 
we could prove existence of subsequence {v K,q } and its L^ oc (R 2 ) (1 < 
q < 2)-limit v such that v is a smooth solution of the Chern-Simons 
equation. 
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